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Exercises

You can get feedback for Exercise 2 by handing in your solution as pdf via Moodle before the deadline.

1. Linear functional (in-class)
(
⋆⋆⋆

)
a) Let n ∈ N+. Consider the function T : Rn → R defined by

T (x) =
n∑

k=1

kxk

for all x =
(
x1 x2 · · · xn

)⊤ ∈ Rn. Prove that T is a linear functional.

b) Let n ∈ N+ with n ≥ 2 be arbitrary. Consider the function T : Rn → R defined by

T (x) =
n∑

k=1

(xk)
k

for all x =
(
x1 x2 · · · xn

)⊤ ∈ Rn. Is T a linear functional?

2. Matrix powers (hand-in)
(
⋆⋆⋆

)
For a natural number k ≥ 1, we define the k-th power of a square matrix A as the matrix multipli-
cation

Ak = AA · · ·A︸ ︷︷ ︸
k times

Moreover we define A0 = I , where I is the identity matrix.

Consider the matrix

A =

[
2 1
−1 0

]
Use induction to show that for any k ≥ 0 the k-th power of the matrix A is

Ak =

[
1 + k k
−k 1− k

]

3. Reconstruct a linear transformation
(
⋆⋆⋆

)
a) Let T : R2 → R3 be a linear transformation such that

T

((
1
0

))
=

1
1
2

 , T

((
1
1

))
=

2
3
2

 .

Determine the general formula for T
((

x
y

))
with x, y ∈ R.
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b) Find a matrix A such that TA = T .

4. Linear transformation
(
⋆⋆⋆

)
Let m,n ∈ N+ and consider an arbitrary m× (n+ 1) matrix

A =

 | | | |
v1 v2 . . . vn vn+1

| | | |


with columns v1, . . . ,vn+1 ∈ Rm. Let T : Rn → Rm be the function defined by

T (x) = A


x1
x2
...
xn
1


for all x =

(
x1 x2 · · · xn

)⊤ ∈ Rn. Prove that T is a linear transformation if and only if
vn+1 = 0.

5. A formula for the Fibonacci numbers
(
⋆⋆⋆

)
The Fibonacci numbers (Fn)n≥0 are defined recursively by

F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn for all n ≥ 0.

Let

φ =
1 +

√
5

2
and ψ =

1−
√
5

2

be the two solutions of z2 = z + 1.

a) Consider the function

T : R2 → R2, T

(
x
y

)
=

(
x+ y
x

)
and define

vn =

(
Fn+1

Fn

)
for n ≥ 0.

Prove that T is a linear transformation and that vn+1 = T (vn) for every n ≥ 0.

b) For r ∈ {φ,ψ}, define the linear functional

Lr : R2 → R, Lr

(
x
y

)
= rx+ y.

Prove that
Lr(T (v)) = rLr(v)

for every v ∈ R2 and use this equation and induction on n to show that

rFn+1 + Fn = rn+1

for every n ≥ 0 and every r ∈ {φ,ψ}.

c) Use rFn+1 + Fn = rn+1 for r ∈ {φ,ψ}, obtained in part (b), to prove that

Fn =
φn − ψn

√
5

=
1√
5

[(
1 +

√
5

2

)n

−

(
1−

√
5

2

)n]
for every n ≥ 0.
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