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Exercises

You can get feedback for Exercise 2 by handing in your solution as pdf via Moodle before the deadline.

1. Linear functional (in-class) (*ﬁﬁ?)

a) Letn € N*. Consider the function 7" : R"™ — R defined by
T(x) = Z kxy,
k=1

T L .
forallx = (21 @2 --- ,) € R" ProvethatT is a linear functional.

b) Let n € NT with n > 2 be arbitrary. Consider the function 7' : R — IR defined by

n

T(x) =) (ax)*

k=1

for all x = (a;l To - xn)T € R™. Is T a linear functional?

2. Matrix powers (hand-in) (*i}{?)

For a natural number &£ > 1, we define the k-th power of a square matrix A as the matrix multipli-
cation
AF = AA.. A
—_—
k times

Moreover we define A = I, where I is the identity matrix.

=l

Use induction to show that for any &£ > 0 the k-th power of the matrix A is

Ak[1+k k ]

Consider the matrix

-k 1-k

3. Reconstruct a linear transformation (*i?ﬁf?)

a) Let 7 : R? — R3 be a linear transformation such that

1 2
r(@)=(2) (0=
2 2
Determine the general formula for T’ ((g)) with z,y € R.

1


https://moodle-app2.let.ethz.ch/course/view.php?id=28772

b) Find a matrix A such that Ty = T.

4. Linear transformation (*i?i?)

Let m,n € NT and consider an arbitrary m x (n + 1) matrix

A= |vL vy ... V, Vpii
| \ \
with columns vy, ...,v,41 € R™. Let T : R™ — R™ be the function defined by
T
€2
T(x)=A]:
Tn
1
for all x = (wl To - xn)T € R". Prove that T is a linear transformation if and only if

Vp4+1 = 0.

5. A formula for the Fibonacci numbers (M)
The Fibonacci numbers (F},),>0 are defined recursively by
Fy=0, =1, Fopio=F,1+ F, foralln>0.
Let

S

1+

1—-+5
p=— and Y= V5

2

be the two solutions of 22 = z + 1.

T:R? - R?, T<:“> _ (9”*9)
Yy xr

v, = <F;1+1> forn > 0.
n

a) Consider the function

and define

Prove that 7' is a linear transformation and that v,, 1 = T'(v,,) for every n > 0.

b) For r € {p, 1}, define the linear functional
L:R* >R, L, @) —rz+y.
Prove that
Ly (T(v)) = rLy(v)
for every v € R? and use this equation and induction on n to show that
rFpi1+ Fn = rtl
for every n > 0 and every r € {p,9}.

¢) UserF, 1+ F, =" forr € {¢,}, obtained in part (b), to prove that

Cen—yn 1 [[14vB)T [(1-vB)"
2 B 2

=T T

for every n > 0.



