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D25 A formua consists of logical operators and proposihonal symbels
A>R=z1AVE

Sc neral Conce F'l-s

0.6 ¢ Sﬂrﬁo\xofq logic defines alphabet /. and defines which sln'ln.s n are Jormalas
D.6.5 Semantics define o funchon -frcc ,which ass-;gns
cach F asetofindices whichare free Symbols

D66 Interpredation A assigns each symbol in 7,2 <A
a value

D63 A s swihable for F if #assigns a value toal free symbet

D62  Semantics also defines a funchon or
being the trudh valne of F under inlerpredahon A

D63 1, Ais cakd a 1-odk for FArF) foa set

of formulas M: A or f not a model:

(un-) sahsfiability Tauldogy, Consequence, Equivalence
D.6A0  F is salisficble if there ensts a model and unsalisfiable(1)ohenist

Dem Fis fauol 99 (7) if Histrue for every Suitable A( 0.6.44)

Dées2 G s |OJiu| conseguence of F(rrg) ,'-r every Surlable
in-krrm’m“on for Fau§, whichis a model -rat F
15 also a model fﬂ §  (aralogously: )

D.6/5 Fond §are cquvalent: &= FF§ and § FF

L.6.2. Fis taatology & F s unsdbfiablc

L.2%5 Fag is tautology & FFG

L.2.5 (A=B)A(B=C) FASC

L 26 B=1A ¥A-B

L.-23 AalA-B)FB

L. 28 forevery R: (Aqv-vAA(M=BIA--A(Ar—B) F B

L.29  (1A=B)ATB FA

T.2.M {‘., N and unary P: P(0) A Vn (P(n) => P(n+4)) =@ \Jn Pln)

L.6.% The {olow‘ﬂg Stalements are equivalen : (Res- coluiles)

* &R Fe, .., F 3 F 4
o QfaAfz.-AFbS*ﬁ is tautolesy
. 2"““1“':“:"5‘ MY u%ﬁ"i Iﬂbk

Logical Oper ators

DeAs W F and § are {ormulu,wart AF (Fvg), (FA9

D6t + AL(FASN =4 =  AR=1and A(5)=4
. A,((FVS)) =4 & A(F)"f or A(s)s/’
CAGRN=A & AP-o
* AFrg) =0 & AIF)=0 or Alg)=0
- A(F9 =0 & A(F)=0 and Al§)=0

Genera) concepts — unjsatishabllity doulologu, consequence, equivalence = |oqical operators = kouieal caleuli— proposihonal losic — re.

L.éA AFAF=F and FvF=F ialemrohn.cg Predicale LOJ\.C-
) FA§=GAF and Fv§=GuF Commutativity | D..3A  Syobax :
3) (FAGY AN =FA(§AH) and (Fv §)vh =Fv(GvH) associahviy * varidle symbd: FEN
4) FA( vaj) =F and Fv (FA!,) =F absos 10N sty«lwks e -Fundion sdmbol'. L keN ; k=iaguﬂ¢d5 ,£=0:conslasls
9 FA (§vH) = (FAQV (FAH) distiibuhve law * predicale gymbol® /2 kel | k=Xagumeds
6) Fv (_5 ANH) = (ij)/l (FV H) distiibuchwe law induchvey ¢ termm= variable oft ba,....dk are krms=7f¢“)(£4,-~-,lb)is fem
3)aF =F double nga#on L e formda
(3] ’I(F/\b) =qF V'!S and 'I(FV 9) =9FA 15 de M05a53 rules e 4.tk are formulas = P;m(lq,...,ln) is an atomic /umu/q
9 FvT =T and FaT=F fautology fules * Fand§ are formulas = F,(FA§),(Fv) are formalas
a) FvL = F and FAL=1L unsdis{-‘ahlﬂj ruley * Fis formala = for any ¢ Vi F and 3 Fare Jormlas
M FyafF=T and Farf=1 D.6.22  Every variable is edher {rec of bound . a varisble x
occars in o (sub) formula of Jhe form Vi G of 3x G hen it
is bound , odherwise it is Jree. Fis clased ifal varishs are bound
Logical caleali 0.633 denoks he formula oblained flom F by subshiabiy
D. %A}  Derivation rule =6 or R derives newformua fom el oHMmulas every fac occurence of x (variatle) by € (term)
D.6.48  Application of denvation rule R: ) select NS (Mis sel of formalas) D6.2¢  Semank ® ink{fr&q“onls{ruduft is a fupk
2) specify formalas for placcholder N&§  3) add § +osel: AN'=Mu§§8 * U non-emply set, the universe v~
D.6.43  Calewlus K isa «Fnﬂt set °‘P derivation fuks : K=8R4,..Rm3 N Junchion a“"\,nin., 4o cach Junchion %mhh runc”oﬁf
D.6.20 Derivation of formula § fiom M in K is a finile sequence of applications of k-ary funchion f , e '
rakes i K, leading dog: /1 & + ¢ funchion assigaing do cach prediak gymbel a predicke
D.6.24  Derivahon ruk is correct if for every Mand F: 1% k-ay funchion f we
D.6.22 Calcalus ie correct[sound i for every M and F: % * § funchion assigmng fo each variable symbol & value 10 U
Calculus is COMF‘ck ,-f fol every Mand F: % F ex: SRF D 6% Ais Surfable /or F ,'{34” /:.,.A.‘.u,fmll}. ,/;re variables"a ¢ Jefod
L.63 W 46, F,3%6 holds fora sound calcubs,dhen: F((Fir..aFn)=5) \ Jo - D.6.86  Semaniic for A ¢
(Frg & Faa§ is unsafisfiable) ::;LA'\?D*:) " * vale AM)
Propositional logic ~varighles £=xc
D.6.23 Alomic ?ormu\a 15 arounula and of the fotm w* D.645 = Finfom F= fli,. tx) =
D.6.2& Truwh gesianment is a funchon which qff\'nes an o ca * trudh value of « formula: we D.6.46 and
idecrreh-l»ion A on a et of alomic /c':(mala.s 2. bt Y = Finfon F= Plfs,..,tx) =
D.625 Liferal s an atomic -[om‘)ula of s peqahion = Fin form Vx§ ot 3x § = then 1ed for well be dhe same
D.6.26 CNF- Conmunchive normal form t (L1 Voo V0ei)A < AlLpa Vo viamg) shructure as A exceph fhal  §x) is overwritien by u
D.6.23 DNF- DiSJumc‘rive normal Jorm:  (LarA A Law)V oV (Lag A ALamg) ® 1 Some
T6. & Every formuh 15 equivalcni‘ toa formuh n COF and in DOF . 3 B {Odsg
thire F DuFfchF L.6%  Fot any -}‘ormu\as £.9 and 0, where x jsnt free in K
1) compule Wuhh dable  2) +oke the rows which are teuel{olse , wrike (Fown)v A (rows)- 1) (WF) = 3xqF 6) 3xIyF = JyIxF
3) wrik al symbals (A1 AV A2)  ACHf Ai=1[0 clse 1A 2) 1(3xF) = Vx9F %) (WF)AH = Y (FAH)
) e i 2) (WxF)A(Yxg)= Vx(FA§) @) (WeF)vH = VWx (FyH)
Resoluhon Calcalns (Res- § res3) Q) xF)v(Ixg)=3x(Fvg) 9 (F)AHE I (FAH)
D.c.2¢ Clause. is a &t of llerals 9 VxV"}F = VJV* F 10) (I F)VH = 3x (FyH)
D0.623. dencles he set §8Las,.,Lam, 3, ELay, s Lam, 38 where F ":sr’:uhuld ol Loa i one replaces a sub-formala g of F by an equivalent
CWF. W D.6.26. The sel of clauses Jor A =38F, ... Fol: = Q!(F;) (tog) Jormala Y, then the resulbing forernaala is equvaled doF
D.6230  Clawse is resolvent of clauses Ka,Ke if theris a lleral L s.."Leka, L640  For  formula §un which y does nob occur
1L €Kz and K= (K1\2LS) U (K2 \3LS) * VUx§ = Vy4x/y) *3y = 3y §Cx/y]
L.¢s The resoludion calcalus issound [ 5K = X FK (0.6.22) 0.657  Recklied form: no variable occurs both asfree and bound
Ex Prove 4hat the rescluhon calealus js not comrlelﬁ Lel t=A and §=AvB. We Rnow L.6M Universal instantiation: for any Fandt :
FES but we cand derive  K(AVB) from K(A) using Jhe resolubion caleali 0.638  Prenex (orm © Qaxe Quxz Qoxn § , Qiare qm‘-‘ﬁcm(l’m,nmhﬁ
T66 A set Moffoimulas is unsatisfiable & Km) i, # Taudology: XON)-#| T4z For every formala there is an equivalent in prenex form
D4-E=7¢ 3, Resoluhion slep mu.sh be caried out One by one  $1A3 §A83 58,43 | Redpe  F = Prenex by 7€ boods cllide
€261 One can wrik $HKs, (o3 RaK.
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clause unsabisfiable , em y clause sef Youlol N7
solibion calewus= Predkfk lociic

e st b0
) rename all bound variables”  3) apply L.6A4 8 zb.i’f/uwvajcm
2) remove all 2 4) shiff 3,V o front



T.6A5 4 3x‘i§ (P(y.x) H';P(_‘y.")) = Vx 35( P(b,x)ﬁf’(g,_.,)) is dadolaas | D, 2.49 Proo'F hﬁ coumkrzxampk= Proof 5 is not drue {!u all x "3 ﬁndmg a
C.6.44 U "dl gels | Plun)= uev «~ Russelparlox counterexample. (Conshuchve existence pr
C.6A5 U =N, Plu)=u-ih bitin v-th sequence wr [anlors i:ﬁ::\:zrw D.2.20 Proof "5 nduchion: Prove Bas Case P(O), Prove for any N Pln) D P(n+4) T.2.44
.16 - uw*= N = g0, 43', Pluv) = Outputb of v-th Programm of inpud W,
Ex PfOVC %( (FAs) P( Vx F)AS L) unca.»r«f;‘l nchon S&S, Re\al-ions and Func“oﬂs sivo
Let Fand § be any saitable formulas. Let A be any D34 Cardinaldy of a finike sct A = = % of clements in A 1553)=4
Shuclare suitable Jor Yx(FAG) and (VxF)Ag D.3.2 .
Assume A (Vx(FAG)) =4 L D.2.% every xeA,is olso i B
A Lxauy (Fr9)=1 {‘0' any ue U (SCMAV) L34 %a%=%3 o=b -
Atx3 ()= and Ackaus(g)=A foram ue U™ GemA)| b0 Ocdered pais et saitd s S
A(VxF) =4 and A rxsu3() =4 fot any ueuA (semV) L.22 A=R & (A<RA(BLA), follovas ‘Pom D.S,z/ D.33
CaseN: x does not occur : Then for any U we L2% AtBABLC =DALC
have Ac, . .5(9)=A09). 50 AG)=Apmu()=4 D.%34 Unon:
Case 2 x does occur ‘F(’Cg ¢ Then x occurs Jree D.%4 Iotersechion:
in (VxF)A_g . So,if Ais suitable i*+defines x.euA 0.3.5 Difference:
Since Apcau3(g)=A forall ue ufm have inparkicdar [T T .54 ¢ AJA=A and AUA=A ldempotence
F“ “’xA. 'LCK—’x".\(.‘))”";‘s’/ ALG)= Apeoer§)=4 * AnB =BnA and AupB =BnA Commdﬂ"ivi‘»’
Therefore: A (V)= and A=A 0 A ((%F)AG)=4 * An(BnC)=(AnB)nC and Au(BuC)=(AyB)UC Associahvily
Proof systems cAn(Auvk) = A and  Au(Aab) = A Absorption
D. 64 Proof sysiem is a quadruple *An(6u0) = (AnB)u(ANC) and Au(BnC) = (AuBYA(AUC) Distibutivity
* S: Stalement+ T: 4l funchon ‘AR & AnB=A & AuvB=6 Consistency
o P per + ¢: verificakion fund{on D.2¢ Emply set contains no elements: 7
De.2 A proof Syslem is sound i nofalse Slalement has o fﬂ”F’ L. 25 There exists only one emply ee -
for ol 5€'S for which there exists peP with $s,p)=4,ue have T(s)=d| L. 5 Emply seb is asubset of every seb: VA(ScA)  PEF s
D.62 A proo{'s m is complele if every true shlemnihasarmp D33 $\Pouuer set of o set A, is the set of all subsels: %
for all 5 €S with T() =4 here exisls pe Puih $lsp) =4 JAxRITWE IAl=k = 1PGA = 2% | P(9)=385 | P($63)=5 6, 4485 VAP(A)=356,.. § £
Ex Wis defined at S=P= iOpﬂ?ﬁn’vc Tand 8 D.3.2 (ardesian product of 4wo Sels is the se of all ordered pairs:
* complele  T(s)=4 -'if s contans af most one O Relation $xA=F  caclesian product not assoclabive $95% 4303%=4%2, FIAL
not sound B (5P)=4: if 5 contams af most fwo O and s=p D.2.9 Relaon p from a sel A o sel B is a subset of AxB.IfA=B, p is relation on A
* not complde T(8)=4: if s contams af least one / D. 340  |dentity relation
sound  #(sp)=4: Jf d(s,p)=$ and P confains exadllgord D 272 |nverse of P
R L’Hamm;:’ distone ¢ D.%1% ComPosiHon v' P and 6
Proof  Paflern L.23  The composhon of relakions is associahve: polsop)=(poc)os
D.2.45  Composition of implications: H $=T and T=2U are bolh L3e  ge=23
trae, then one concludes dhat S= U isdue  w* 2.5 | Specal properties on relalions
D.2M  Dicect proof of an impheation: Prove 5T, by assuming & D. 343  Rellexive apa  d<p (a,0)ep
ond then proving T under 4his assumfrhon D.3.44 Irreflexive agafoalacA, pnid=g (a0) #p
D.245  Indicec) proof of an implcakion: Prove 8T, by assuming T D.545 Symmekic Apb bpa, prpt  (ai)ep = (biAEP
15 -fqlse ond proving that S 15 f«lse under this a.ssumyhon L2¢l D.2.46 An{'.sdmmdric apbabpa = a=b ,j;n),"g.‘d (a\b)ep =» (b,a);!f
D246 Modus Ponens: Proof S by finding a suitable R. Prowe R.Aove R®S 1.2 3 | D. 347 Transitive  apbabpe = apc (ab)ep Albe)ep=> (a0)e p
D247 Case distincion: Proef S by inding a finile lisk of shalements | L. 2.3 Arelabion istransitive & p?cp
Ra, -, Rie (*Coses). Prove theone occurs. Prove RE=2S for ¢4, kL.28] D.3.4¢ Transitive closure j"= Up”
D.28  Procf by contradichion : Proof Sby inding sutable shakment T. [ Equivalence Relalions = "
Prove #hat T is Jalse . Assume S s false and prove thal T D.243  Equivalence relation is reflexive, Symmelric, and {ransihve
is true under the assumphon (=contradickion)w* L.2.9| D.520 Equivalence classes: set of clements which are equivalent 4o a in an equiwalesee
D.249  Exshence Preof : Prove S by showing S helds for at relakion 8
least one x €%, ifdrue conshuctive elee non-congdactive| L340 An indersection of dwo equiv. relakions ,0n Ihe same set is an equiv relation
T24A0 Pijconha\c Prindrle : Jhe -rollaaii‘daltmﬂﬂ is used inexisime] D.3.9]  Partition of a set A is a setof muluallj dis)oini subsedsof A. A=351ieT3]
Pmof= H set of n objecls is partitioned into R <n sels, (Telndex sef) Salisfying: SinSj=9 for i%j and ,-(,};f‘"A
. LY N .
Proof ;qskm?fnmifm:f sﬁﬁimrﬁﬁ*&”fftaﬁﬁt]spei;ifn‘pmp.-r#«s on relations- equivalence rel ahions - posel

D.32

TAM
Ex

Quotient set of A by 0/ A modulo 8¢ Setof equivalence classes
of an equivalence telation ©*

The sel Al© of equiv. classes of an eqaiv. relation is
Let p, 6 be an equwalence relation, prove
PO & s anequiv. relation if pos=6op

* reflexive: Va€A (apaAa 6a) (PC reflexive)

=)VaeA(a po6 a) (def o)
. s\t,mmdriu Forany abe A , (ab)e po&

ition off A

=9 (bja) & f& (def inverse)

= (ba)e 7op (6op=pos)
= (b,6) € poé (L.3.8)

= (b,a) & pos (%m\t:,ofp;‘)

* fransitive : Use L.59 to show (pes)®=pos
(pee)(poe)

= Po(‘oy)"‘ (LS:})
= Po(foc)os (fo‘=“oy)
=) lpog (60¢) (L.33)
™ plog°® = poc (P,‘qn#amiﬁ«)
Partiol ordered set (Poset)
D.2.2% Pachal order on a set is a relation which is
reflexive, antisummetric, and Hransitive A set A
with a packia) order = is caked Parkialy ordered cel
D.524 Two elements are comParaLlc .'f a2bor b2a,else incomparati
D.%.25 Tdolb ofdered rf any 1wo clements inthe sel are comparable
D.2.20  Elementb covers clmenta if a<b and no Cexst sd. adc,c2b
D.223 Hasse dagram of a fimle Posel ,is a direcled
graph whose vertices €Aand edge (ab) ¢ [
means ‘hat a covers b (x1-< A/
D.3.28  Direct Pradw} of posel-s e ;> 2 3¢ 3
ishe set (AxB) with the (223,563,853, 1)
relation €.
T342  (A)x(B;L) |5 a poset
T.3.45  Lexcographic order :
D.5.29  Let (A;3)bea poset and SEA. A€A s...
A) minimal maximal if 13b€A s+ bia,bra wepe Yound
2) eost greatest if VbeA a< b, aZ b AvB
9 lower upper bound of S if VeeS X b, aZ b
) grealest lower leaghk upper m&of s aéi‘:. the
Jreal»ed- least sebof all locoer uppe( bounds 0( S
D550  Well-ordered posed if i istolaly ordered and every
non-emply subset !\o.s o leodt element
D.2.31  Meet Join : i‘Fia.bS_his‘srea{eé lower least upperbound:anv b
0.332 LaMice isa vul in which everyy pair has a meet ond a join
Ex. Show that  VaVb((apbA bpa) “a=b) S png- irlj

Let (aib) e))n_ﬁ be orl»il»rwg

(ab)e png A png=id
(ab)ep A (a®)EF = (ab) € id
(q.b)éy/\ (ba)ep = (ab)eE id
(aflv/\ Bjm)—' a=b

p s an\is&mmekic

(deSn, id=pnf)
(def inverse)
(def id)

P
=)
&
[N



FW\ dions Co IAI\‘\’G]’ ill "5 Ex Prove Porn. abe Z such that o+t =,0 \H\dds”nl--,o and “b2— O
D.%33 Funchion {roma doman A do codomain B, Sa T342 4043 is countable, finik binary Sequence : Proof: $0,4¥>N Cbijechion, f(a)=dlecttl}s 0 = Ry (a¥41?) =R3(R36%)+ Ry (7)) +herefore Rala?) +Rali?)=0
celahon {‘mm Ato 8, wih the prop erhes: T.849 l‘}‘umw’i, countable, ordered pairs of nalural numbers Pﬂ»‘) : We kenow: Ex Prove forall ab,ce 2\903% f oJbc and gedlair=4
1) VaeA JbeB a{ b (f is hhll_;) ,{gf,,m{] s\ijc“‘“\"au -io,a}', NxN *iM!’x‘tM!‘, Show : 2048"x 30,18 !Qﬂ’(%e&im) (b)e 0" Wllally then alc : ged(ab)=1 3 ua+vb=4 for some u,ve 2
2) VaeA Vb beR (o -r bA ufl' —)|7=l,‘) ($is pel-ddindl €520 T A<D ABEN = AxB 2N Proof: Prove: AxG-"NxN(i"'eeﬁ-n\.Blouy T.5.44 L34 albe = be=ad c=1c = (uatublc =Unacvbe= uac+vad=(uctvd)adal
D.33¢  Set of Junchions from AR : 6A cs.24 Qis countable Proof: Represent @ as pair (m,n)'mez,nc N\ioy: 22N, C.52,L.3.45|  Ex Prove for al n2 2 if 34n, then nte2” is notprme
D.535  Parkial funchion is a relation A8 suchthat only 20d properdy holds|  T5.22  Leb A and A¢ for c& I be countobke sets Case: n=2k(even), (20)*+2" = 4-R2+2-2" 3 3] (a242") §
D.5.3C  Image : S¢A, f(8) =8f@)|ae ST (4-0) (&) For any & N dhe sel A"of n-luples overa is countable Cose: nisodd, Rg(n')= Ry(Ralm) Ryla)) =Rg(a+ 21X ™)
0.8.53  Image/ range: feB i) (A =B) (i) The union  Ure gy of o coundable list As,Aa,... of countable sels is countable =Ra(2+4) =0 = 3|(n?42") o ,
0.5.3%  Preimage: TSB , {71 schof values Ihet map onde T:f 11)=facAlfra)eT§ (6d) The sel A”of fine sequences of elemens from A is countable Mulbiplicative inverse wlhg €
D333 A {‘unjion f:A28 is called: D.334  Semi finike binary sequence %048° equvalent: N> 50,1% L. axZmA has a unique solution xe 2n& ged(amy=1
M injective : if a#b Df)4 ) T222  $043%is uncountable  Proef: Cantors diagonahzahion arument: D.4.9  Mulkiphcative inverse : soluhon of L. 4.48 dencled:
2 500::%«: f f(A)=B, dhen Vbe B Vae A ,such thal b={(a) D.3.44  Computable funchions: £: N 250,43 Progrummexishs which gives output ﬁ'\)fﬂwg mput 0€N| [ Chinese Remainder Theorem CcRT) -
3 bi‘Jquc s A oand 2) €226  There are  uncomputable fundioos_ example: Halting problem T.4A3  Let mami,...,m be pairwise relahvely prime and et M’}f‘"’"
D.3.40  lnverse of béjec“vt Junchion §-%:8-A Number Theory For every lisk au,.-,Qr with 0 €0, Sm; for 4=4,-( has XZm; 0¢
D361 Composition of a funchon {:A=8,9:8-¢ : Division a unique Sokthon x ,with 0<$x M ;
L.5A%  Funchion composition is @ssociative:(hog)ef = ho(gef) i 53 | T 44  Va,déo 3qr (unigae) sdi.s&uu: a=dqtf and O &r <ld) adgr=in}| Ex XE32 ) MR D) MM ==
Ex Prove that for §:A2A exishs a g such that gof=id & | is if:')uﬁve D.& A  adividesb: albif 3¢ b=ac ,a=divisor, i aM,c-qudiean-muHirluf a X =4 4 Ma = 20 Nq-20 = = Wn=2
= Consider fty =y D.4.2  Greatest common divisors (ged) : for int a,b (nek both O)an ik d is ged xSs & M2 =15 Pe A5 =, = N2=3
2&;34‘:’”? ofa vy o =(gef) (a) conshuc g s4: for any be lmf of a andb  d divides botha and b and if every common divisor M=éo My = A2 Ny a25, =»n3=3
i ;S ;nggr%j = 9({(a)) 36 =f(a) where f@)=b. aand b divides d: 3) E‘ni MM = 2,202+ 4:15:3+4.42-35, 29
Fff? ?ZO 1>(7>»L/);5<iz\ = 9wy For any b¢ Im P,J(s)-b L.6.2  For any it mn,q: ch (m, n-qm)=3cd () implies: Gedlm R zgedtma) W \,gd(md,nj)#d for it)' =decompose: i.e.
‘;m,,f?fzuékfom(@?[i()ﬂﬁ = gof We get gof =id because YacA D.4.%  Relafively prime : if ged(ab)=4, then ab arc relalively prime x=12 8, x%152 P x232 x5,0 and 53___32qust
f“uﬁiimffi?) TR NRRY - fla)elmf : s0 g(faN =0 D.4.6  ldeal generated by aandb: or (a)=Fua luee] Diffic-Hellman st fe agrel, ke 60 Sbiion
Ex Prove that every a€D\10% is a unit: Define {. iD=D, x ox L.6.%  For a,b & Z dhere exists d € 2 such thal (a:b) =@) ldea Encryption u.sinj Q one-way -fundion (ensy o cakcalathard 4o reverse)
. injedivei Assume xy€D, x#*y and {60 = fly) L 6.4 Let a,b € 2 (not both 0): if (a\b) = @) $J¢d (ab)=d Alice Bob
o= {.g\-{alg) =ay-ox=ay* al-») = aly~) C.4.5  For ab€ Z (no} bot 0),here exists u,yv & Z such that: acd(a.b)=ua+vb a=random nuamber Siaenero&or b =random number
Since a#0,y-x haso be 0x=y (ora jo 2ere D.0.5 Least common multipk (LemYL of +wo ,m.'#ve m‘ivers a,b s the in £0,-,p-2% pillacge) prime in $0,-.p-2%
* sufjective: H Ja was not injechive we would have yg im(fa) common malkiple of a and b uwhich divides every common multiple of o an YA=3°mod P Vs =3" mod p
for some yeD. Which for finde D implies |im(f)I<ID] b: b -
This is a contadichion 1o the fact hat i is Primes Rag= Y;=J > Rea= Ya=a"
injective, therefore is {a surjective D. 46 Iot p>Ais prime if the only posihve divisors are p and 4. Else com ol Algebra  ab=ms 4
The inverse 3‘ a is fa () and therefore o is unt T 4.6 Every int >0 can be wrilen uniquely as the products of primes (34,_{?‘; D.54  Operation on a sel S is afunchon 8" S, where 130 is artty
Ex Prove thad : F:n"=>n™: fafof is not saﬂecﬁvc. L&3F WHpis Prim: and p| x4x2..xn (xc=ioh) then plIxi for somec & 94,-,n% ﬁlé‘% D.5.2 A\Jcbm 1sa Pait with aset S, called carrier
Hot: use h(0)=4 , hl{a) =0 and hiy)=x for x22 Dote We can write n"zrpt'“-nd b= Zr""#"std(q.l-) lem(a,b)= TR ™" meled ) and . =tst of °P'“‘H°M onsS
Assame ihat F is surjechive therefore we hase a g s4. gog=h From fhat follows’ c4(ai)- Ccntat)=ab since min(ec,fi) ymavlei fi)=e| Monoids and Geoups
Case:9(0)=0 = (309)(0) = g(0) =0 Congruence and modular arithmetic D.5.3 el right neutral element 15 an element €€S such that
Case g (4) =4 = (geg)(0) =4() =4 0.4.8  ais congruent to b modulo m Vaes exa=a/ ore=a.if bothihensimply nedul element
Case: g(0)=4,5(2=0 = (g0g)(0)= 4(a) = O L.445  Forany m24, 5m is gn equvalence relation on Z L.5A ' <5in> has boih left /right NE then they're equal. {50 has max 4 bE
Case: g(0)=x,gl)=y withxy>) L. 444 @ =mb and CZpd Jhen a+c S,btd and  AC Sm bd [ o Sky}w\ D.5 ¢ Associative binary opem}ion *on a sel i a*(bsc)=(asb) *C
=) (909)(0) =4()=A since h(0)=4, ¥nis contradicts hlx)=x C. 415 fxq,....xk) is mulki-varick Pobnomial n Rvariables : 1fa;zp be then /‘(.,..)i,. f(h—) D.5.5  Monoid is an aldcbrq . * =associalive, ¢ = NE
Countabilily L. 4.4 For any abun 6 2withm34: (@) aZnRm) (i) a=mb S Rmla)= Rmlb) D.56  lefi/right ioverse of an element a€S,is abeS such thai
D.3%2 () Two sets AR are equinumerous if a buechion exists A= B+ c.843  $loy...xk) is mulk-varigl polynomial in k Variables and M2 4 Then: bva=e|arb=e. If boththen # is Simply called inverse of
(@ A dominales B,f AnC,CEB or inechion exsts AR Ren( f(a,-.ak)) = Rm(f(Rm(a1), ., Rm(Gw))) Rm(a*)= Ren| Rmla)") i D.53  Group is an algebra saii:{-,.‘na 4he axioms:
oA countable f A3 N elee” uncountable Rm(a-b) = Rm(Rm(a)-Rmb)) . Rm(a+b) = Rm[Rm (a) +Rmb)) ... 64 % is associahive
L34S (relakion 2 isdransibive () ASB = AZB() v ¢ ‘1““" vd: Nole if ged (mia) =1 ,then Rm (o Y = Rm (am'(")“)) , 1) =% coprime numbers<n 62 e is NBE, O*¥e=¢*a=a
T34 A2ZBABZA = A-B Ex Prove that f s(a)=5(2a) 3 3la  (s=sumofdigits) §3  Vaeg3a ava=4dxa=e
T2 Sel Ais countable & A is finde or A~N Re(a) = Ry (S(a)) =Rg(S(2-0)) =Ry (20) = Ry(2)-Ry(a) D.58  Commutative/abelian group Imonoid if : axb=bva, abe§
Cantors diagonakizalion argument: def & : j-1h digit of i-Ih sequencd S Rya) =2 Ry(a) Rip(w) b) L.S5.2 1§ moncid has both lef}t /riaht inv +hen MJ’R equal. Monoid has
o o Ju-,.fj,fmm al,;}ga‘--+4 | g= ;‘::\‘.J. f\‘: =00l l.s:a = ,Ri(z)ﬁ_-o Rm(ql’> = Rm 0 ( ) R ma (@) CRT (Rm(a), R0 @) ‘ ot most A im,m_," 3
Funchions — countabilila = Number Thearu— Division - Primes - Congruence and modular ariby mehic — maulbipliRative inverse — CRT - D -Helmann - Alacbra- Monad / Groups



L.5.%  For 3oups holds :
{?oof‘as}} @ 0'57 Edeiinen it meprine: Zp=2Zp>12,)= p-4
roof: start:(@)=¢; : %&,62, %4, 64, L.S.42 |} e . ) o ’ P =P .
G &%= bua nTnasas | fioi{za{ e factorization of m, Hhen Py e B Rl 'f..."'deEP'" and m% 24 dven w5 q
Proof : S}nﬂ:(::n.( A T.54% < ,. v Pi P .lf"')”std(.allhﬂ ﬁdtd(m&"‘) =) CRT De-fm: :::m H de and m a"-“ SO’““MS ‘7;221-
) Gob)=e; apply: §3,%1,62,64,§3,52,44, §4.53,62 o Zmi 0, a‘) 15 a\grou all_solufions are congruent ’ :
(i) axb=ovc D b=c "' C.5% Focall m22 and £ (), gruent modulo, p-gon, hence m*zpm
(F‘Tf’ :'M:- ba=caapply: »d, 63, §3 T.5A5 2 s cuck and ged lam)=: 2% ™54 andfor p=prime: pla S 2 R
iv) bra=cxa Hb=c 45 This coche @ m=2,m=e, mepor m= 25 ahere pis an odd prme an o Fili -
Proof: stark: ba=ca;apply: ¥4, Inverse o{ a: a?("ﬁ-": A £ P an and Cét‘l D. 51% R \ L ding o d'mo’j
() aex=b has o o Ex Claim: f . ng is an algcbra for whidn | of ek
x= as o unique soluhi do - am: for ged(mn)=A, ¥:2me> Zmx 1L . @) <R;4,-0) is o 0 ieedof pily
Proof: for a¥x=b: show solution u ‘,‘:\2 ',ns:;’ K :Zé‘)::; i:w ' \Aég o MFT'M; sw ) s OmorPhism- m mx Lo, x> (Rm(x), Rm(n)) is an o (R;l .l ;‘) ” : cz:v:’ " :.w group F— E% [:Vu.,,u( of oot
a 1 i ) ] S ) / (60 kaor NS L. e _ b { _ ik b)), FAd Las
Noke o.r:': f.;ﬁ';m‘r;:»;x eetsle Tosxesbandanxesh e W Homomorphism: ¥ (x +y) = (Rm(xoy), Rn(xey)) Ra'“) ol e it s fiﬁ”&*‘w L.5:3¢
fro;v\ hogsh :h: ‘t'd : e »§2" ave=a ,§3=43" avd=e Mogie;gw_sux,yoqf,s of .07, = (Rm (x+y),Rn (x4y)) y ng is c_ommaal;v. § ¢ is commdaliveg = e b o Lok
b r il 6| 'rooou)z Pro‘*{'- shark: Axa= (A+a) B ((go)TZ—;:;}?(C{Z‘fg ?fé ; = (R’"(R'"(")*R"‘la)),!n(lzn(,),%@» L.843 Fof any ring and Jor any abeR we have
€/62) ,(e=(8+8),43), 54,614,438, 4, g2', g2 3. et 0F<g‘20“@2c‘> o e e = (Rmbx) +Rab+ ((Rm(y) +Rn(y))) éb)) ?o)-(a(;m ) (-a)b=~(ab)
= P o -a)(-b) =ab . Po- .
Steucure of Jroops order s Lo (6.,62) * we'll show that ¥ is injective: A:)s* W(b)*s d 0.5.19 (g):(-ns=w-A»=.mr«)s-.(s-g:(?.)»....{Rm noa-truia) 470
. : ume X = =4 ' .
e of o §roups is dhe dyea Follosrd by the el Shel wg?  AB.95) and . wt()ﬁ e 3:: ac:,"-é}‘,f a'ring: order of 4 in lhe addiiv
* ) . ) g i By
L 5& '2'5;" f’:)“' C°"'P°mn.’r wise cperqtion 5-vm 'ba x+y<m:n and Y(x)<m, ¥(4)<n we have by CRT thal a D.s.20 u.c.:,PL., an e\,m,:;?f:zs ﬂ’.*ﬁmd tsbe 0 .
.5 -*5_», 1S a group 10 which the VE/IOV are co eob wise | & A sbiyseps of is unique , herefore x=y Hence # is inechive. Si a a nng R such that u is invertible
D.540 A funchion ¥ {i . mponent wise | - . Hi  ock Y el |2mal=12,%2,) uv =vir =4 for some veR. Set of units i
Kaas tom group § 4o group His a group homo- @ s also su'ul“""' - L.54¢ TForaring R, R¥ | o of units is denaled by
mocphism. # for alia M ¥is bijechive Ak et Gbe o finile,nco-emply 2el and > abina - Fnd o et eletark mulipcative group unit7* 2ero divier
t is a isomorph )i T Let % b okl ® ry operation o0 § all clements 5.4. ged(am>
L 5.5 pRism: to prove orly (A]5L.5% follongs PF=A=2"2 ) % be associakive and commulative. Let Vabc€§ arb=axc D524 -4 d;l‘vidts b,alb if IceR suchdhad b=ac - V.
T :3““” '\OmomorPhism Y safisfies: . ;u 21)3“;\%% then b=C. Prove thal §is a gro ' L.543 (l'-)“ ‘ if alb and blc then alc , 1 :: fék\io} alo
ol k;‘:\of Shark: ¥(e) = Vle-o); apply’ D.5.40, §(), §3 (¢),§3 52 Pndd “’; know Ya€§ 3n,meMN (ncmaa’=a™), since §is finlke € i alb then albe VeER ki
’ ;n proving -“u\?-fls isomorphism one needs to prove: [ AN e€f: 2=m-n> at "= a™ s Mo d o2 (e GiD) it alb and alc then a] (b
15 homomorphism .f 's brechive P oder of <a> is Show at=e fmall beG o D.522 cd for ri & <)
D.5M A subset “CS & a0k ] d) —ﬁ—y A Q) b=(evh)=(b )S (axe)xb=a(exb) PN g dof‘nns.s 3cd @S dla Adlb A Ve l(cla Aclb)>cld)
- group if Wis a group, meann sedlwm A mleny) mrnne - ecodiviser is an element ich gives i
| . ! 9 % L2 : <f 15 an element a%0 which gives with b£0: ab=
A S LIS, [ 2Rt B e i AR
D545 Ocder ofa fin is least m24 s} a''=e: dwodw=e] B groep o s ince o‘ a=a" "=a Nole 20;1) is isomorphic 40 <2p;+7x {24 ;4> &
Lse | . o 'Fll\lk rouP5= rove tha "F 5'9-_02-;*) then §= $n-d|nezs fol some d € 2 n=p:-q and g¢ (P) =4 Jollows "w: 'CRT
.S, n a fink Group, every element has fine order Proo} by conlradichon . Let d be 4he smallest element i D.524 .Wnlearal domain. i LA _
Ex'.  Prove forany abe§: ord(a<k) = ord We assume Fd' So-d'|ne23. i Samen " lijes- 150 non-trivia) commulahve ring
<3l (axh)=e & (asb)lar) S e bol 3364 P ukichdds . we set d'=d we have withoul  2erodivisers: YaVs (ab=0 >a=0 vb=0)
¥b)..= W
o s A i 6‘:21:"(::);:(”“ -ij*n & Bul begm § isclo:d ":d Le: 3301 then g=k-d+r with 0 <r<d [°‘;20 };Zm :3“ only be Integral domain if m is prime
“’—;.4 N o (b¥a)..+(b¥a) =% bt bra er + and - we have r=g-k-d € e an infearal domain alb=> ¢ isun _
‘*‘054‘; @ (bya) =¢, proves ord (o) 2 ord(b¥ ) , do Jor both Sides But we assun.\ed d is the smallest element Nhlci? isa CoﬁMd'eh D.s.25 %bnonfd ol a) ' C is unique 3.4 b—‘:ac,C s quohenl—
0'5'45 For 06, the group generaled by o o Therefore § is in the form  3n-d]n € 23 ntradichion o d;:: over R is a(x)=£z=°a;x o
Fiodi A group §=<a> is called cyclic and g is called @ generator of § T.54 if v a '(=0 = de o R_' deg(a(x1) = laggest ¢ for 2
Fin ,og,amefdorg b g s also dgenerator 546 Lek gbe afinile group and €€ Z with ged (¢,1g))=4 % Sc; €9y (.‘\6« )= -"00, dendles
g’-"z)) all clements with 3“’(""‘)'4 Thmdx—)xeis a birechon and x is the e‘~+h oot of yes e T.5.4 For‘a of Pd;nf-mm's. ov‘; R
i calcalate Ofdefofam i Jor d| . x=y where dis +h iol cabive 1§=% . Ny Commuatanve: fing Reg i tah y
pi for d|order, check i a%=4 ; . is the mulbiplicah - L.52 AR S 19 %, KGJ 15 commutative o
. - Chcf\r’ % generators = q’(o;dcf) A, not azgen Alice . phedine mver;g&ig mod |, e-d=4 2 ((Lf';) ;fho l:“ln‘egroj domain Jhen o is Dy
- ':h?c{‘hc3r°"? ofor.dcr n is isomorphic to Zn;®) and p'ﬂ lage ?rimes channel *‘:ﬂuw: ot{n?*sw'a“[){h Cot:.ﬂan} PObMMials
Nole 2 - °; o ""“‘*d"f" Al g roups 4an¢ order are comm. ?.:( . - Ex Let <R;+-0,44) il Ocg = 0" 9 0
= m X Za is cychic |f ac (m,n)s,i\ <2, ®> & !,\3. v p-1(q-2)=p(n) 470,744 be any rin such that al=a prove a+a=
[ T5% vLagrange: W HEG = 1N divides 1G] 7 cude J"’“"”F‘ f”"e’ Select ee 2%, R prove ata=0: (a+a) = (atal(a+a)
Cés For a finile group § and a€§: ord (a) divides 1§\ ’ d=e?>edsp A L = a0t anton
| 2 A0 For a P“"'*A“’“PSand a€4: 9'5'=e } m'Rn(Sd) il ) = a+a+a+a
.5M  Every Group of pnme ordef is cyche. Evern element Ex l:-o;e that for all me 2, we have m Ssrn: sher! n=p. d =2 0 = o=
it Xj:ﬂrlherwhal ekment is a Jtmraror 1 c:.uw'/?,‘ : :g-/l =(P;‘4) (9-1) "R ; de= (p-2)(q-1)k +4 P-9 an prove commolutiah _‘ = ata
P altiph cative ‘ i m=kp D WA= ; . Aa-a) ¥
Shkudure of P.;m,‘ps_ginz:gm b e 24 = m(rn)(q-..)-k. - T(q-'l)-k‘)):—rm; Coase z-mihr:m(r 1) (g-)"R+A A+b +(—a)+-?b)= ob +ba
Rinas mnom m=,1'm by C.514
P s O =ab *\mw
(@) =ba Sab=ba %



Ex

Ex

S\xob 'Z:,. Da’”"(? s o Gdd

List all elements R\R®with R=2.r9 ., .,

We have to remove all units : x2x ¢4 =(x +3) (x+5

all elements which ate a linear combinglion o these
factors are units. Thercfore R\R* all mulbiples of
(x+3) and (x+5)

Let R be a fing . Prove thal i§ A-ab has a mulﬁplicaﬁuf
inverse € \then A-ba has the muﬂipliml-ive inverse
A+bca: Assume: (4-ab)-c=4

(4-ba) (1+bca) =(1- ba) + (4-ba) bea

g2 g T2 T P = A ba sbca - babea
2,203y (& pl LF@“ TSSB?= A+ b(-a+ca -abca)

2000 w(x) \W«,ﬂu\

= A+b((-A+c -abc)a)

A e

rools = iw()u‘v Al xe2n  =Asb ((-144)-a) =A+b -(0-2) =4

D.526 Field is a nontrivial commutative ring Fin wohich
evely non2ero element is a upit: F*=F\10%

Ts23  2pis a field & p is prime

TS24 A -Feld is an in‘gm\ demain
Prool: D.5.26, D.52¢ = suffices 4o Show that in
any comm. fing a unt u€R is not o 2erodiviser
Assume w=0: y=4v = U uy=""0=0

D.562% Monic polynomial alx)€ Fo3 if leading coefficienl is 4

D.5.2%8 lrrco\ucibr? denotnials al) € Fio g with degree >4
if s divisi b€ only bj a consfant poly- or cons}. mub. of aly)

0.5.29 acd of al) and blx) isa momc polunomial with the

argest degree suchihat g0)| ab) and 96| ble)

T.595 Forany alx) and blx) #0 in Frx3, there exisls a unique
monic q(x) and a unique r(x) such thal:

alx) = () -b(¥) +r(x) ond a\g(b(\c)) 2 dea(e(x)

D.620 Assoddles are 4wo elements ,a,b in an integral domain
f a=ub ?or some unit . Dencled as avh

D530 In an inlegral demain, a non-unit p€ D\203 is
ireducible if p=ab dhen cither & or b is a und

L.92% avb Salbabla

0.5.32.  Eucldian domain is an inleqral domain D Hogcther with
o dgm--rundion A: D\20% 2 N such +thl :

(). Va,L20€D 3qic such that a=lu‘+r and dr)<db) or =0
@) Va#o,b#o €D, d(a) < dlab)

T.523 I an eacldian domain every element can be Jactord
uniquely (up to daking associales) info_irreducible
elements

D.933 Root is an element dER for which ald)=0O with alx) € R[xJ

L.528  Polynomial evaluation is compalible with ring operations:

e if ) = al) +b() P ¢ @) = a(d) +6(4)
o if i) =alkd W0 * cd) =aW) b(d)

L.529 For afield F, heFis a root of al) & (x-a)la(x)

€ 550  Apolynomial a(x)ef degree 20r 3 over afield Fis
jrreducible & alx) has no roots

T.5%0 Forafield F a non-zero Foldnonial alx) €FLA of

acd - |

d‘;}m d has at most d rodls
(re

ducihility = €nde Frelds ~ conshuchna fields — exaw ple

L.532

Nok

Ex

Ex

A paynomial alx) € FG3 of degree at most d is uniquel delermined
by any (d+A) values , i.e 55 a(ha), A(M\M) fm any dishinct da, -, haw4 €F
Lagrange:s jnterpolation formula :

Finde Fields
D.535  Let mix) bea Pvl_t)nomidddfs d over £ Then

20 o (xe-de- —oc+4)- (X-da
alk)= ‘gf‘: Uilx) where Ui = ::‘_tz &_tgg_t:;g ;.(;_T::;' L.53% Let Fbe a finile field with q-elements and let mGe) be
o D)\eu?,@ REACDE AE. orb.iBec B S iatajvie of degree d over F. Then
gcd of Aws polynomials (2= |t Tt b e A8 LSRN 55 Fhxdegy isa ring with respeck 4o addition

! e P A R e A el i nd mulliphcation Modalo m()
: 1 2 )’ M e T T e ST . fiaces
Find 3cd(x AT X A | B an i ol VI I A S L.5.36
Apply euclids abori‘lhm divide by smaller polgnomial , keep remalnder T.53%% The do‘g FOdme is :{’oeld © mlx) is wreducible
gcd (x34x 42, x2 4 44) = scd(x’+x+4,‘x*5 )sjcd(us, 0) =x+3 1.5.38  16F(a)l=q-1 for q=p, p=prime, e24
Find the multipheative inverse of x € 2gTxI 244 T.539  There exists a finik field with q elements
() (ax+b) = ()2 + (b)x +(0) -4 o=k, b= 2=y  q is power d prime. Ru%hu,awh»-’-'eus
R(x244)44 = (R)x%+(0)x + (k+4) 4 R+A=0, k=4 with the same Site q afe isomorphic

Note Fisafield = FIx3 can? be a #cld

Irceducibility of alx)

e deg A always irre ducible
+ deg 2/3  jrreducible d alx) has no rools we € .5.20
< deg &  ireducible if al) has no root ovjaclof deg 2
. deg 5 jrreducible if alx) has no root or{aclor deg 2/3
|ﬂ'edu£.lut PObnom‘la\ e, M2 = x24T lfl ' =2, A=A
GBI A0 M M 4044 4104 A0OM  A100A4 41144 400404
401001 41011 .11 NAA40414 A440 A4 AAAA 04 1000041
AC0AOOA  A0OAGAAA AOAM0AA. AAOOCOA AAOCOMA  N00AA04A
AA00AA 2440401
GO N0 A A2 A4 ML A2 4034 022 AA02  AM A2
AM2A4 N204 A244  N222  A0042  A0022  A0A02  AOAM
A042A4 20202 A002  AM1024  AMOoO AMM A1422  A1222
42002 N20M4  A2mM2 N2424 A2242
SO 4o A 22 A3 M2 MB AU a2 A 33 002
A003  AOAM  A024 AO3A  NAO0A  AMMA2 AA43 M3
AM32  N20A A213 A222 A232 A2 33 A304  A342
A322 n323%3 A3 3%
SFO) Ao 4 42 A3 A4 02 A3 M a2 A3 A2
A% A 142 A0AA A0A4  N024 A0 24 4032 40‘33;|
A0 42 1043 A1 01 AMO02 M A3 M A4 N34 M 24
AMGA M43 A20A 2203 1243 1214 A222 12283
12 42 A244 A3 02 A3 04 A3 A1 A3 A2 1322 A323
A344 2345 1903 N404 N4 A4A2 A434 A4 34
1042 14 44
OB A0 A a2 A3 18 AS A6 A4 02 s06 MB M4
Mo A22 A3 A25 134 A3S A3 A4 a5 A6 AS2  As3|
A5  Ab3  A66
Ex Solve y? +(x? +4)-9 +(x2 +x44) =0 Jor yeA

of

We have +ofind the root of the Pobnonid by 'mmlinﬂ elementsof A
it the pobynomid . One foundwe can divide by (y-r) o gel (y-r')

here r'is the Second root
/rl’q:l;'rm‘s— Appﬁgch‘ons

Proof: Al least one element in Foxd has no inverse
Given al least two elements we have
0,1€F and O#41
Mulkiplying Yoo polynomids of deyree dl,d'
which will yield a lynomial of “degree
d+d' 2d as aa by 0 (no 2ero divser)
Mulﬁy‘ft‘dion onla increases dhe ree
it Jollows that a polynomial with d34
does not have an inverse

Conshrucking finite fields with p4 clements
« pick GF(p)
* pick m(s) of degree d in GF(p) thad tis irreclucible

Examples of aly ebras Welic nok_commutahve

monoid <IR*n 803, 4,0 <N*ﬁ_i_°}l*_l,°>,<AA,°,id>
fin. monoid 2n®.0) , {2Zm,0,A) .
group  <R;t,-,0), <M,4-,0, (RVI0S - 7 4 )
fia group {2m,®,0) , (_ZEM)
ang  SIR+,50,,1) KN +-,0,,4), Zprime, 2, R C
fin ring {2m,+ ,-,0,, A
inkbcq\ domain  Zprme , 2, @, IR,C  inverse ody foc +
feds @, R, C joverse fot + and *
$in Belds 3F(¥), 2prime, ZpameDdg(,y mix)=iredwile

Ex Let Fbe a finde field , prove thal there exists
$03) € F3 which has no roots
Vieh gl = T (x-a) = gD =0 fordb heF
2) Let £6) =5(3§ +4 since VAer =0
# follows that VheF fh)=4
Application : Erfor correcling code (Ecc)

D.536 (nR)-encoding funchon maps A to A" where
o>k ,dhe result is called o codewoor)

D.523 (nk)-Ecc over A with IAI=q is a subse} of
A" with cardindlity oF

D.53% Hamming distance ¢ number of Posihoos in which

4wo

tngs over A differ

5



Ex
Comeule
? all S“B\Srou
We ps aﬂ-he
" have bj ‘ajmrbe I-Sg q;\ﬁf <lﬂvl 'f) 2 =io'm‘m_43| 0
_7)(Iq_ = 1,94 'Qﬂbfﬂﬁ\p<24'+>, : E |[aSS|com 0-4 GE 1 & 8
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